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Abstract 

We apply the recent results in Loop Quantum Cosmology and in the resolution of Black Hole 
singularity to the gravitational collapse of a star. We study the dynamic of the space time in the 
interior of the Schwarzschild radius. In particular in our simple model we obtain the evolution 
of the matter inside the star and of the gravity outside the region where the matter is present. 
The boundary condition identify an unique time inside and outside the region where the matter 
is present. We consider a star during the collapse in the particular case in which inside the 
collapsing star we take null pressure, homogeneity and isotropy. The space-time outside the 
matter is homogeneous and anisotropic. We show that the space time is singularity free and that 
we can extend dynamically the space-time beyond the classical singularity. 

Introduction 

We consider the gravitational collapse in the particular case the spatial section of space time is 
subdivided in two parts, a first part with matter and a second part without. Classically we consider a 
dust star of null pressure and we report the known results for the gravitational collapse to produce a 
classical singularity. In the quantum theory we use the recent results obtained for the Schwarzschild 
solution inside the horizon [3| to describe the quantum theory outside the region which contains the 
matter. In fact outside the matter and inside the horizon we consider a general two dimensional 
minisuperspace with space sections of topology R x S 2 which is know as Kantowski-Sachs space 
time 5 . The Schwarzschild space time inside the horizon is a particular representative of this class of 
metrics. On the other side inside the matter we take the Friedmann space time with positive curvature. 
In this paper we use the same non Schrodinger procedure of quantization used in the previous paper 
2 and in the work of V. Husain and O. Winkler on quantum cosmology and introduced by Halvorson 
|S] and also by A. Ashtekar, S. Fairhust and J. Willis In particular in this paper we resolve the 
Hamiltonian constraint inside and outside the region where the matter is located. We resolve the 
Hamiltonian constraint inside the matter without specifing the matter type but in the case of dust 
matter we match the wave function inside and outside the matter obtaining a temporal coordinate 
for all the space time that is connected with the star radius. The wave function n ij){a, (j>, a)" that 
resolves the Hamiltonian constrain is interpreted as the wave function for the matter held " 0" (which 
represents the dust matter) and the gravitational field " a" at the time " a" ; " a" is proportional to the 
radius of the star. Than we consider the particular case of a scalar field and we quantize the complete 
Hamiltonian constraint using the same quantization procedure 0, [E], also for the matter field. 
In this case we cannot match the Schwarzschild space time outside the matter because for the scalar 
field the pressure is not equal to zero. On the other side in this case we can match with the Vaydia 
space time as in the paper jjj. 

The main result is that the space time is singularity free. In fact using the method we can 
define the inverse volume density and the operator -g in terms of the holonomy analog and the 
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volume itself and we show that these quantities are always finite and upper bounded. The operator 
is proportional to TZ^pa TZ^f" in the case of the Schwarzschild metric and is divergent in the 
classical theory producing the singularity. From the point of view of the matter region we show that 
the classical singular quantity " 1 /a" is finite in the quantum theory. Another important result is that 
using also the result in we can obtain the Hamiltonian constraint in terms of the volume and at 
the quantum level we have a discrete equation depending on three parameters: the matter field "</>" 
(dust matter) , the gravitational field " a" and the time " a" . This equation says that we can extend 
dynamically the space time beyond the classical singularity. 

The paper is organized as follows : in the first section we resume the classical collapse inside and 
outside the horizon in the case of dust matter. In the second section we introduce the Hamiltonian 
constraint for gravity inside the horizon in the two region inside and outside the matter. In the third 
section we quantize the system using the non Schrodinger procedure of quantization [H] and [Hj- In 
this section we show that the inverse volume operator is singularity free in quantum gravity and also 
that the Hamiltonian constraint acts like a difference operator as in loop quantum cosmology. In the 
fourth section we quantize an homogeneous and isotropic scalar field using also in this case the analog 
of loop quantization. In this case we cannot match with the the Kantowski-Sachs Space-Time because 
the pressure is not equal to zero. 



1 Classical Theory 

1.1 Classical Gravitational Collapse 

The space-time outside the matter but inside the horizon is an homogeneous, anisotropic space-time 
with spatial section of topology R x S 2 , this is the Kantowski-Sachs Space-Time that we have studied 
in 3 . The metric in this case is 

ds 2 = ~N{t)dt 2 + d 2 {t)dr 2 + 6 2 (t)(sin 2 Bdcj) 2 + d9 2 ). (1) 

On the other side we assume that inside the matter the space-time is homogeneous, isotropic and with 
null pressure, so the metric must to be the Friedmann solution 

ds 2 = -N{t)dt 2 + a 2 {t) [d X 2 + sin 2 x(sin 2 6d(f> 2 + d6 2 )} . (2) 

Usually in the classical theory the much simple example is the gravitational collapse of a spherically 
symmetric, perfect fluid star of zero pressure and uniform density inside the region where the mat- 
ter is localized and the Schwarzschild solution outside the matter. The metric Q reduces to the 
Schwarzschild solution for the particular case a 2 = 2M b G " — 1 where M is the ADM mass of the black 
hole. In this particular case we can match the two space time regions and in particular we can match 
the two dimensional spherical surface inside and the two dimensional surface outside the matter. We 
will extend the match also at the quantum level. 



1.2 The Hamiltonian Constraint 

The Di/J-constraints for the metrics in and (J2J) are identically satisfied. The Hamiltonian con- 
straint outside the region where is localized the matter is calculated in and it is 

tt _ G N\a\vl G N pap b sgn(d) R 
out ~ 2Rb 2 Rb 2G N laU [) 

the Hamiltonian constraint inside the matter is 

^ = -(^T + 2|a|) + ^^(a), (4) 
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where H^,{a) is the hamiltonian constraint of the dust {first case), in this case we can match with the 
Schwarzschild solution or of an isotropic and homogeneous scalar matter {second case) but in this case 
we cannot match with the Schwarzschild solution. The volume of the space section inside and outside 
the matter are respectively 

rXo /"Sir rir 

V in = d X # / d9 h]i 2 = 2n( X o ~ sin( Xo ) cos( Xo )) |a| 3 = V{ X o) \a\ 3 
Jo Jo Jo 

V ou t = f dr [ d<f> [ dehlQ = 4xR\a\b 2 (5) 
Jo Jo Jo 

where xo define the boundary of the star of radius Ro = \a\xo and where R is a cut-off on the space 
radial coordinate. We can work also with radial densities because the model is homogeneous and all 
the following results remain identical. In another way, the spatial homogeneity enables us to fix a 
linear radial cell C r and restricts all integrations to this cell 0]. We have two canonical pairs outside 
the matter, one is given by a = x a and p a , the other is given by b = Xb and pb for which the Poisson 
brackets are {x a ,p a } = 1 and {xb,Pb\ = 1. Inside the matter we have two canonical couple x a and p a 
with {x a ,p a } = SttGn and the canonical couple for the matter that for the scalar field consists of <fi 
and p,),. From now on we consider x a , Xb, x^, x a S K and we will introduce the modulus of x a , X},, x^, 
and Xa where it is necessary. 

1.3 Classical Theory Inside the Matter 

We study the gravity sector and the matter sector. In the two cases we follow 0, jH], |I] and 0. We 
introduce an algebra of classical observable and we write the quantities of physical interest in terms 
of these variables. 
Gravity Sector 

We start with the gravity sector and as in Loop Quantum Gravity we use the fundamental variables 
x a , U la and the volume Vi n = V(xo) \x a \ 3 , where 

U 7a(Pa) = exp(^p Q ), 

(6) 

the parameter j a is a real and L a fixes the unit of length This variable can be seen as the 
momentum analog of the holonomy variable of loop quantum gravity. 
We have also that 

U^{V? n , U la } = t 2 ^ Gn ^ n Ix^-hg^x^V^xo). 

(7) 

From this relations we can construct the following quantity that we will use extensively 

sgn{x a ) 2L a i 



8^G Jv7a V 1 /6( Xo 



U- l {Vl,U la }. (8) 



We are interested to the quantity t^t because classically this quantity diverge because it is proportional 
to the Ricci invariant. 

We are also interested to the Hamiltonian constraint and to the dynamics of the minisuperspace 
model. 
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Matter Sector (Erst case) 

The first possibility is to take the dust matter with zero pressure, in this case the super momentum 
is zero and the Hamiltonian constraint [§] is very simple (see the appendix) 



H<j, = \P4,\. 



(9) 



The canonical pair is ((j),p^) with Posson bracket is {4>,p$\ — 1; as in the gravity sector and in analogy 
with loop quantum gravity we take as fundamental variables <f> and f7 7 , , where 



(P4>) = exp ^ — P(f> j 



(10) 



Matter Sector (second case) 

Another possibility is to take a scalar, isotropic and homogeneous scalar field with of the constraint 
equation J2J equal to 



Ha 



2 a 



P\ + o 6 U(cf>) 



(11) 



Also in this case the canonical pair is (ip^p^) with Posson bracket {<p,p^} — 1; as fundamental variables 



we take <f> and U l4> , where 



U. 



7* 



{p<t>) = ex p( 



T 2 



N 



U, 



7* 



(12) 



In the two cases using the introduced quantities we can quantize the matter sector as the gravity 
sector following [BJ. 



1.4 Classical Theory Outside the Matter 

The classical theory outside the matter but always inside the horizon has been described in reference 
U3; we recall very rapidly the Hamiltonian constraint and the volume. The Hamiltonian constraint is 

_ G N \d\pl _ G N PaPb sgn(5) _ R 
c ~ 2Rb 2 Rb 2G N laU 

V = 4TrR\x~ a \\x b \ 2 . (13) 

where R has been defined previously. The fundamental variables are Xa, Xb and 

'87rGjv7a 



u ia (Pa) = cx p( ~ L 2 la i Pa) > 



TT I \ i^GNlb . \ M ,N 

Uj b (Pb) = exp(^ — ipb), (14) 



4 



As in the previews paper [jJJ, we will use the following relations to quantize the sistem: 



{xn, f/ 7 a(Pa)} = 8ttG n — ^C/ 7a (pa), 



{x b , C/ 7i) (pb)} = %itG N — U lb {p b ), 
Lb 



U-J-{V m ,U^} = (4irR\x h \ 2 ) m m\x & \ m -H T a^^sgn(x- a ), 



U- x {V n ,U lh ) = (4TrR\xa\T2n\x b \ 2n ~ 1 i lb ^^sgn(x b ). (15) 

With the quantities (|15|) we construct the Hamiltonian constraint and the classically singular observ- 
able. 

2 Quantum Theory 

We construct the quantum theory in analogy with the procedure used in loop quantum gravity and 
in particular following [2] . First of all for any canonical couple inside and outside the matter we must 
take an algebra of classical functions that is represented as quantum configuration operators. For any 
couple of canonical variable we choose the algebra generated by the function 

W{\) = e lXx ' L (16) 

where A 6 1. The algebra consists of all function of the form 

n 

/;•<•> j ' ( 17 ) 

3=1 

where Cj € C and their limits with respect to the supremum norm and with x we indicate x a or x b . 
This algebra is the algebra of almost periodic function over R (AP(R)). The algebra (AP(R)) is 
isomorphic to C(M.Bohr) that is the algebra of continuous functions on the Bohr-compactification of 
R. This suggests to take inside and outside the matter region the Hilbert space L2(U. Bohr , duo), where 
d/io is the Haar measure on ^ 2 Bohr ■ 
Inside the Matter (Erst case) 

We recall that inside the matter the canonical couples are the matter canonical couple {<j),P(f>) and the 
gravity canonical couple (a,p a ). The complete Hilbert space inside the matter is the tensor product 

\X a ) <g> |A ) = |e iA " »-/ L «) ® \e iX * w *' L *), 

(Mo|A ) = 5 Ma ,A a WIM = <W,A</,- (18) 

The action of the configuration operators W a (X a ) and W^(X^) on the base is definited by 

W a {\ a )\u a ) = e'W^K) = e^lna), 

W^)\^) = e lX ^/ L *\^) = e iX ^\ H ). (19) 

Those operators are weakly continuous in A a , Af, and this imply the existence of self-adjoint operators 
x a and x b , acting on the basis states according to 

Xa\Ha) = HaL a \n a ), 

= n^L^lfit/,). (20) 
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Now we introduce the operators corresponding to the classical momentum functions U la and Uj. of 
© and 1)12(1. We define the action of U la and U r , on the basis states using the definitions (|24|l and 
using a quantum analog of the Poisson brackets between x a and U la and x§ and U 7 . 



U la \^a) = W- la) = - 70 ) , 



7* 



-l4>L l pU l4> . 



(21) 



Inside the Matter (second case) 

In this second case we consider the scalar matter inside the horizon. The canonical couples are the 
matter canonical couple (cj),p^) and the same gravity canonical couple (a,p a ) as in the case of dust 
matter. The Hilbert space is 



|A„) ® |A^> = < 



i\ a x a /L a 



11 i\ < f,\/8TvG~NX < f,\ 



(Ma|A a ) 



S. 



The action of the configuration operators W a (X a ) and W^X^) on the base is definited by 



W a (X a )\fx a ) = e iX °*°/ L «\fx a ) 



(22) 



(23) 



Those operators are weakly continuous in A a , Xb and this imply the existence of self-adjoint operators 
x a and Xb, acting on the basis states according to 



X a \li a ) = fl a L a \fJ-a), 

V4> 



N 



(24) 



The operators corresponding to the classical momentum functions are U la and J7 T and the action on 
the basis states is 



U la \Ha) = \ll a - la) 



U~fJV4>) = \v<p - l<t>), 



%a i U~y a 



-7a L a U 1 



X<f,, U, 



1* 



70 



\/8ttGn 



-.a 



1<t>- 



(25) 



Outside the Matter 

Outside the matter the Hilbert space is generated by the basis 



|A 5 ) <g> |A b ; 



r> i\bXb/L b \ 



The self-adjoint operators x a and Xb act on the basis states according to 

Xa\^a) = Va\Ha), 
X b \u. b ) = LbHb\Hb)- 



(26) 



(27) 



The analog of the classical momentum functions U la and U 7b of l|14(l are U la and U 7b . Those operators 
act on the basis states 



UyJUa) = | Ma - 7a) 



U lh \Hb) = \fib -lb), 



= -iaU 7 



X b , Ur 



lb 



= -IbU- 



7f 



(28) 



Using the standard quantization procedure [, ] — > ih{ , }, and using the first of the two equations of 
10 and the second of (|12|l we obtain 



L — L a = Lb = L a = L<f, = \/8irG n H. 



(29) 



G 



2.1 Singularity Resolution in Quantum Theory 



We resume in this section the singularity resolution of the gravitational collapse in loop quantum 
gravity. In particular we report the regular spectrum of the operator l/det(E) outside the matter 
which is connected with the Schwarzschild singularity and the operator 1/a which is connected with 
the singularity inside the matter. We can observe also that the singularity inside the matter is 
analogues to the cosmological singularity. 

We start with the space-time outside the matter; using equation (J5J and in particular V = 
AirR\xa\ \xb\ 2 we obtain the following spectrum of the volume operator 

V\fJ,a,Vb) = 47ri?|i a | \x b \ 2 \^a, M&) = ^irRLf |/z a | |/x 6 | 2 |/! 5 , fx b ). (30) 

Now we show that the operator g^rg^ = ^ ~ [5["T&P does not diverge in the quantum theory and 

so we don't have any singularity. 

Using extensively the relation JHJ we can define the classical and so the quantum operator l/det(_E) 
(we promote the Poisson Brackets to commutators) [3]. The spectrum of this operator is 

| M5)M6 ) = ^ | Ma | 5 |w,| 6 [W ~ 1|* - \^} 12 ||Ma - 1|* ~ l^| 9 [\nb - 1|3 - W\i} 6 , (31) 



det(E) 1 "™ L 2 

and we can see that it is upper bounded. 

Now we study the singularity problem from the matter point of view and so we report the famous 
and important result of loop quantum cosmology because inside the matter, as said in the first section, 
space-time is exactly a Friedmann cosmological model with k = 1, the operator that we study is the 
quantum analog of l/|x a | which we define in quantum theory using the quantization of the classical 
Poisson bracket Q. In this way we obtain (for -f a — 1) the operator 



1 



1^1 2ttZ 2 Z| 



[K'^LK]) 2 ■ (32) 



Using the volume operator Vi n = V(xo)|^a| and the eigenvalue equation 

V in \fla,^) = V(xo)|Ma| 3 |Ma J M0) (33) 

we obtain the action of the classical singular operator on the basis states 

~T~ / 2 / i i\ 2 

\Va,V4>) = J ^2 (J^l 5 ~ ~ 1 I 5 J iMo' M^)- (34) 

We can see that the spectrum is bounded from below and so there is no singularity in the quantum 
theory also also in presence of matter. 



2.2 The Hamiltonian Constraint in Quantum Theory 

Now we want to resolve the Hamiltonian constraint in all the space time inside the horizon of the 
black hole in the case of dust matter. In fact only in this case we can match the region inside the 
matter with the Kantowski-Sachs space time outside. 

The solutions of the Hamiltonian constraint are in the C* space that is the dual of the dense subspace 
C of the kinematical space TL. A generic element of this space for our system which consists of two 
parts, a region where is the matter localized and an exterior region, is of the form 

M=J>(a,0)<a,/?l- (35) 
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where the variables "a" and "/3" are the eigenvalues of the operators "x a " and "x^" inside the matter 
and "xb" and "xa" outside the matter. The constraint equation H\ip) = is now interpreted as an 
equation in the dual space (ip\H> = 0; from this equation we can derive a relation for the coefficients 
ip{a,/3). The Hamiltonian constraint that we must impose to define the physical space is 



H = 



Hi n inside the matter 
H ut outside the matter 



(36) 



Where iJ,„ and H mif arc define 



Hin — — I 



8 W W3( X0 ) 



WttG 



N 



GnpI \x~ a \ G N paPb sgn(x b ) sgn(xa) 



2R x\ 



R 



R 
2G~ 



N 



(37) 



Now we quantize this Hamiltonian constraint. As we know, the operators p a , p b , p a and p^, don't 
exist in our quantum representation and so we choose the following alternative representation for the 
operators p a , p a Pb, Pa and p§. The first two operators were obtained in reference [H] starting from 
the classical relations 



Pi 



-lim 



7a ^0 



2-U la - U- 1 
ll 



Pa Pb 



2(8ttG n ) 



2 nm 7a,7i,^0 



la lb 



U: 



the other two operators can be define using the classical expressions 



u- 1 - If- 1 U' 1 

lb la 76 



la lb 



(38) 



2 Ll 2-U la - 

Pa = — "J" 

la \ la 



Uz 



8irG 



lim 



2 -a 



N 



If 



J. (39) 
h/Lphys, where L Phys is the 



(we have a physical interpretation setting la = l<p — la = lb 
characteristic size of the system and If is a fundamental length scale). 

Now we are ready to construct the correct operators Hi„ and H out in terms of the space volume 
and the momentum analog of the holonomy variable of loop quantum gravity. From the paper Pj we 
report 



H„ 



1 



Z2^G N R^ al t 
3 6 

2 11 ir 5 R 4 L 4 G N ~fl~f 7 a 



Ua-U-- 



v*,u b 



■U a + Ub-UaUb-l 



u^ 1 + Ub 1 - u^ 1 Ub 1 i 



(Ob 



v*,u b 



(Ua- 1 



Villa 



3 / „ _i 



v*,u b 



1 



'N^lb 



v*,u b 



(40) 
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On the other side the operator Hi n is 
1 



Hi 



(^[vKu b ]) +v^vi 



16vrG 



N 



H^X a ) (41) 



Now we resolve the Hamiltonian constraint. As we said at the beginning of this section the solutions 
of the Hamiltonian constraint is obtained in the C*. A generic element of this space for the space-time 
inside the matter is 



(■01 = ^2 ^(^,^b)(^a,^b\ 

Ma .Mb 

In P] we obtained an equation for the coefficients ip(^d, Mb) 



(42) 



[2a(na, /x fc ) - 2/3(^a, Mb) + 7(Ma, Mfc)] */>(M5, Mb) - [a(Ma + 7a, Mb) - /?(Ma + 7a, Mb)] VKMa + 7a. Mb) + 
-[a(Ma - 7a, Mb) + /3(Ma - 7a, Mb)] V^Ma - 7a, Mb) + /3(Ma,Mb + 7&) 0(Ma>M6 +7b) + 
~/3(na, Mb - 7b) V>(Ma, Mb - 7b) + /?(Ma + 7a, Mb + 7b) ^(Ma + 7a, Mb + 7b) 
-fi(na - 75, ^ 6 - 7 6 ) -0(Ma - 7a, Mb - 7b) = 



(43) 



where the function a,/3,7, always following pi], are 

L 2 



a(A«a,Mb) 
/3(Ma,Mb) 



87T 2 J RG JV 7 b 4 7 a 2 
L 2 



! 4 iMb-7b|^ - M^Im&I* 



2(8^) 2 G A ri? 7b 5 7 a 7 



7(Ma,Mb) 



i? 



(lAtel* 



(lMa|^ 

7 (ImsI* 

(iMa -7a|3|Mb| f - |Mb|*N 
(iMal^lMb -7fc|* - lMa|^|Mb| 
1Mb -7b| - lMa| 2 lMb| 



Mb-7b| 2 - lMa| 4 |Mb| 

3 



Now we evaluate the action of Hi n on the states \[i a , n^} 

"^(l^ ~7a|' - Kl') (2|Ma,M0> - I Ma ~ 7a, M4>) ~ I Ma + 7a, 

. . . . 167tGtv tt / m \ 
-2L|// a | |Ma,M</>) H 5 H^Xa)]^, 11$) 



(44) 



-Hm | Ma, M<#>) 



M0, 



(45) 



The solution of the Hamiltonian constraint is in the dual space of the dense subspace of the kinematical 
space H. and so a generic element of this space, as we said at the beginning of this section, is ("01 = 
J2fj, a ,^ ^(MojM^O^ojM^I- Tne equation for the coefficients ip(jj, a , M<#>) is 

a(p a )lp(fj, a , + P(p a + 7a)^(Ma + 7a, M4>) + /?(Ma ~ Ja)lp(Pa ~ 7a, M</>) = g H$(a)lp(fJ, a , (Jlf), 

(46) 

where the functions of the eigenvalues a(/j. a ) an d /3(Ma) are 

"(Ma) = — f (W-7a|* - bol*) -2i|Ma| 
7a V 7 

/?(Ma) = ^l(lMa-7a|^-|Ma|^) 2 (47) 



9 



and lfy(a)V>(Ma,Mtf») = T, M ' a ,^ ^(/C M^I-^WK, M^>- 

At this point we have the wave solution inside and outside the matter for the gravitational collapse 
and we can give an interpretation for the equation (f 43|) and Ij46(l . Both equations are difference 
equations and the physical states are combinations of a countable number of components of the form 
ip(fi + n^,v + mS)\fi + rvy, u + 5) (7, 6 ~ lp/L Phys ~ 1; // = ^a. or p, = p & and 7 = j a or 7 = 75, 
v = /!(/, ot v = [ib inside or outside the matter). Outside the matter any component corresponds to 
a particular value of the volume; so we can interpret ^(/xa + 7a 7 Mb + 7b) as the function of the Black 
Hole inside the horizon at the time fJ-b + "fb, if we interprete b as the time and a as the space partial 
observable that defines the quantum fluctuations around the Schwarzschild solution. In the same way, 
inside the matter, we can interpret the function ip(p a +j a , M</> + 7</>) as t ne wave function of the matter 
at the time fi a + j a . In the next section we impose the boundary condition on the area operator from 
inside and from outside the matter view and we obtain a single time coordinate. 

2.3 Boundary Condition and Time Arrow 

At this point we can impose the boundary condition inspired from the classical condition on the inside 
and outside area of the star. In particular we impose that the operator area spectrum which define 
the surface of the star from the point of view of the inside region is identically to the area operator 
spectrum from the point of view of the region outside the matter. The operator area are 

A in = ^\x a \ sin(xo), 

A out = A-K\x b \ . (48) 
The spectrum of the two operators can be obtained from the bases \\12\ and H26(l 




Aout\t-ia, f^b) = 47r|a; 6 | \fi&,(tb) = 47r|^ b | 2 |/xa>W>)- ( 49 ) 

At this point we identify the inside and outside spectrum and we obtain a relation between the inside 
and outside eigenvalues /i a and /it, 

|/i o | 2 sin 2 ( X0 ) = M 2 - (50) 

From this relation we can see that fi a ~ fif, and so if we define " a" and " 6" as time coordinates for the 
inside and outside space-time the boundary condition imply that we have only one time coordinate 
in all space-time. 



2.4 Quantum Dust Matter 

In this subsection we quantize the simply Hamiltonian for the dust matter. In particular we follow 
the quantization program of reference jH] and apply the non unitary equivalent quantization to the 
isotropic and homogeneous dust matter. 

We give the form of the Hamiltonian constraint in comoving coordinates. In this case the energy 
tensor is homogeneous and so it is independent from the spatial section coordinates. In comoving 
coordinates the supermomentum is automatically zero and the classical hamiltonian becomes 

ff* = M- (51) 

As p is positive as shown in jjjj, we can take H — p$. Now using the classical variables ifTU)) . we can 
obtain the quantum operator H§ 

Gn y 2*70 J 
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The action of this operator on the state \fi a ,fj,^,) is 



H<f,\(J, a ,i 



(|Moj V<t> - l<t>) ~ I Ma, M0 + 7^)) 



(53) 



2.5 Quantum Scalar Field 

In this section we quantize the scalar field in the same way of the dust matter sector and of the gravity 
sector; in particular we follow the quantization program of reference [H] and apply the non unitary 
equivalent quantization to an isotropic and homogeneous scalar field. 
We remember that the scalar field Hamiltonian constraint operator from is 



Ha 



pI 1 



2 \x a \ 



■U(4>)\x a \ 



(54) 



Now using the relation (|12(l , the Poisson brackets 1)15(1 and the scalar field analog of the momentum 
operator we can write the operator (|54|l in terms of Vi n , U la and the scalar field couple (4>, U l4> ), 



Ha 



2—U, 



V(xo) 



At this point we can apply the operator l|54ll on the basis \/j, a , /aa) and obtain 



U{cj>) % 



(55) 



+ L l \Haf Ufa) I/XqjM^) 



(|Mo-7o|^ - lMa|') 6 (2|Ma,M0> - lMa,M0~70) ~ l/^a , M</< + 7</<}) 

(56) 



Using this relation we obtain the complete quantum solution of the Hamiltonian constraint inside the 
matter 



a((J, a , fX^)lp(fi a , H$) + [3(n a + ^ a )tp(fJ, a + J a , H<j>) + 0{Ha ~ 7a)V'(Ma ~ 7a, M*) 
+l(U>a)lp(^a, V<t> + l<t>) + 7(A*a)-0(Ma, H ~ 70 ) = 

where the functions a(/j, a , [ia,), (3{jj, a ) and 7(/i a ) are 



(57) 



P(Ma) = 

7(Mo) = 



"-ill/'" - 

la 



16Z 3 



Mai 2 ) -2L\fJ, a \ 

i\6 167rGArL 3 



■(|Ma -7a|" - |Mo| 



3^7a 6 7^ 



Ma| 3 C/(M0) 



27^ 



8L d 



(|Ma-7a|' - |/*o|*) 



(58) 



In this case we cannot mach the solution inside the matter with the Schwarzschild solution outside 
the matter. In fact for the scalar matter the pressure it is not equal to zero as for the Schwarzschild 
solution or the Kantowski-Sachs symmetric solution. We can however match the scalar matter solution 
with the Vaydia solution. 
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Conclusions 



In this work we have applied the non Schrodinger quantization procedure used in the previous papers 
|2], onthe black hole singularity and in the work of V. Husain and O. Winkler on quantum cosmol- 
ogy. This quantum formalism was introduced by Halvorson 8 and also by A. Ashtekar, S. Fairhust 
and J. Willis [Hj in a very clear mathematical form. In this paper we have studied the gravitational 
collapse inside the horizon or, in other words, when all the matter has passed the horizon of the black 
hole. In this particular configuration we have subdivided the space-time inside the horizon in two 
regions, one where the dust matter is localized and the other where the space time is the Kantowski- 
Sachs space-time. We have studied also the quantum theory when the matter is an homogeneous, 
isotropic scalar field but in this case the pressure is not zero and does not give a matching with the 
space time outside the matter. 

The principal results of our model are the following. 

The first one is the absence of singularity in the space-time region where the matter is localized. In 
fact in the particular case of dust matter but also in the case of scalar matter the model is analogous to 
a cosmological model where the singularity is absent in the quantum theory 0] . On the other side the 
space-time outside the matter, which is a Kantowski-Sachs space time jS] with space topology RxS 2 
and which contains the Schwarzschild metric inside the horizon as a particular classical solution, 
is singularity free. The other interesting point is that the space-time can be extended beyond the 
singularity. This is correct for the region which contains the matter and the vacuum region. 

The other interesting point is the quantum match between the two regions. When we impose the 
classical matching between the area of the 2-sphere S2 inside and outside the matter at the quantum 
level we obtain the interesting result that only a temporal coordinate survive in all the space time. 
In fact we start with two coordinates inside the matter "a" and "0" that we interpret as time (a) 
and dust matter (0) and two coordinates outside the matter, but inside the horizon, that are the 
time coordinate " 6" and the gravitational coordinate " a" . When we match the area spectrum of the 
2-sphere inside the matter 6 2 (i)(sin 2 9d(f> 2 + d6 2 ) and the area spectrum of the 2-sphere outside the 
matter a 2 (t) sin 2 xo(sin 2 9d(f> 2 + d8 2 ) we obtain only one time coordinate. This relation is the quantum 
version of the classical matching a sin \o = b: for any eigenvalue n a of the operator " a" and for any 
eigenvalue fib of "6" we have \/i a \ sinxo = I Mb I- 
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